We introduce and study a special class of ideals, called tropical ideals, in the semiring of tropical polynomials, with the goal of developing a useful and solid algebraic foundation for tropical geometry. The class of tropical ideals strictly includes the tropicalizations of classical ideals, and allows us to define subschemes of tropical toric varieties, generalizing [GG16]. We investigate some of the basic structure of tropical ideals, and show that they satisfy many desirable properties that mimic the classical setup. In particular, every tropical ideal has an associated variety, which we prove is always a finite polyhedral complex. In addition we show that tropical ideals satisfy the ascending chain condition, even though they are typically not finitely generated, and also the weak Nullstellensatz.
Introduction
Tropical algebraic geometry is a piecewise linear shadow of algebraic geometry, in which varieties are replaced by polyhedral complexes. This area has grown significantly in the past decade and has had great success in numerous applications, such as Mikhalkin's calculation of GromovWitten invariants of P 2 [Mik05] , the work of Cools-Draisma-Payne-Robeva [CDPR12] and JensenPayne [JP14, JP16] on Brill-Noether theory, and the Gross-Siebert program in mirror symmetry [Gro11] .
One current limitation of the theory, however, is that most techniques developed to date are focused on tropical varieties and tropical cycles, as opposed to schemes or more general spaces. Many of the standard tools of modern algebraic geometry thus do not yet have a tropical counterpart.
In [GG16] , Jeffrey and Noah Giansiracusa described how to tropicalize a subscheme of a toric variety using congruences on the semiring of tropical polynomials. The authors of this paper developed this further in [MR14] , clarifying the connection to tropical linear spaces and valuated matroids.
Building on this work, in this paper we investigate a special class of ideals in the semiring of tropical polynomials, called tropical ideals, in which bounded-degree pieces are "matroidal". This allows us to define tropical subschemes of a tropical toric variety, which include, but are not limited to, tropicalizations of classical subschemes of toric varieties. We show that, unlike for more general ideals, varieties of tropical ideals are always finite polyhedral complexes. In addition, even though the semiring of tropical polynomials is far from Noetherian, the restricted class of tropical ideals satisfies the ascending chain condition. They also satisfy a version of the Nullstellensatz that is completely analogous to the classical formulation.
We denote by R the tropical semiring R ∪ {∞} with the operations tropical sum ⊕ = min and tropical multiplication • · = +. The semiring of tropical polynomials R[x 1 , . . . , x n ] consists V (f ) := {w ∈ R n : f (w) = ∞ or the minimum in f (w) is achieved at least twice}.
If I ⊆ R[x 1 , . . . , x n ] is an ideal, the variety of I is
If I is an arbitrary ideal in R[x 1 , . . . , x n ] then V (I) can be a fairly arbitrary subset of R n ; see Example 5.14. In particular, V (I) might not even be polyhedral. However, if I is a tropical ideal, our main result shows that this is not the case:
Theorem 1.2. If I ⊆ R[x 1 , . . . , x n ] is a tropical ideal then the variety V (I) ⊆ R n is a finite polyhedral complex.
Our proof of Theorem 1.2 generalizes the case where I = trop(J) for a classical ideal J: we develop a Gröbner theory for tropical ideals, and show that any tropical ideal has a finite Gröbner complex, as in [MS15, §2.5]. The variety of I is then a subcomplex of its Gröbner complex.
A tropical basis for a tropical ideal I is a collection of polynomials in I the intersection of whose varieties is the variety V (I). It is well known that a tropical ideal of the form trop(J) always admits a finite tropical basis; we show in Theorem 5.9 that this is in fact true for any tropical ideal.
We also investigate commutative algebraic properties of tropical ideals. The fact that tropical ideals are "matroidal" allows us to naturally define the Hilbert function of any homogeneous tropical ideal. In the case where I = trop(J) for a classical ideal J, the Hilbert function of I agrees with the Hilbert function of J. In Proposition 3.8 we show that, just as in the classical case, the Hilbert function of any homogeneous tropical ideal is eventually polynomial.
The semiring R[x 1 , . . . , x n ] is not Noetherian, and tropical ideals are almost never finitely generated; see Example 3.10. Moreover, Example 3.12 shows an infinite family of distinct homogeneous tropical ideals {I j } j 1 , all of which have the same Hilbert function, such that for any d 0, if k, l d, then the tropical ideals I k and I l agree on all their graded pieces of degree at most d. Nonetheless, tropical ideals do satisfy the following Noetherian property. There are several versions of the Nullstellensatz for tropical geometry in the literature; see for example [SI07, BE17, JM14, GP14] . Most of these concern arbitrary finitely generated ideals in R[x 1 , . . . , x n ]. In our case, the rich structure we impose on tropical ideals allows us to use the results in [GP14] to get the following familiar formulation. Several of our results for tropical ideals imply the analogous versions for classical ideals, simply by considering tropical ideals of the form trop(J) for J ⊆ K[x 1 , . . . , x n ]. Since our arguments for tropical ideals are all of combinatorial nature, our approach has the appealing feature of providing completely combinatorial proofs for some important well-known statements, such as the existence of Gröbner complexes for classical homogeneous ideals and the existence of finite tropical bases for classical ideals. This suggests that more of standard commutative algebra can be tropicalized and extended in this manner.
We conclude with a brief description of how the paper is organized. The basics of valuated matroids and tropical ideals are explained in Section 2. Some Gröbner theory for tropical ideals is developed in Section 3, together with a discussion on Hilbert functions and a proof of Theorem 1.3 (Theorem 3.11). Tropical subschemes of tropical toric varieties are introduced in Section 4. Finally, in Section 5 we prove Theorem 1.2 (Theorem 5.11), as well as the existence of finite tropical bases (Theorem 5.9) and Theorem 1.4 (Theorem 5.16).
Tropical Ideals
In this section we introduce tropical ideals, together with several examples. We first recall some basics of valuated matroids.
Throughout this paper we take (R, ⊕, • · ) to be a semifield, with the following extra properties. For compatibility with tropical notation we write ∞ for the additive identity of R, and R * for R \ {∞}. We require that (R * , • · ) is a totally ordered group, and that the addition ⊕ satisfies a ⊕ b = min(a, b). Under these hypotheses, R is sometimes called a valuative semifield. We extend the total ordering on the multiplicative group to all of R by making ∞ the largest element.
The main example for us will be the tropical semiring (or min-plus algebra) R: R := (R ∪ {∞}, ⊕, • · ), where ⊕ := min and • · := +.
Here the ordering on the multiplicative group R is the standard one. Another important example is the Boolean subsemiring B of R:
B := ({0, ∞}, ⊕, • · ).
An ideal in a semiring R is a nonempty subset of R closed under addition and under multiplication by elements of R.
We denote by R[x 0 , . . . , x n ] the semiring of polynomials in the variables x 0 , . . . , x n with coefficients in R. Note that in the case that R = R, elements of R[x 0 , . . . , x n ] are regarded as polynomials and not functions; for example, the polynomials f (x) = x 2 ⊕ 0 and g(x) = x 2 ⊕ 1 • · x ⊕ 0 are distinct, even though f (w) = g(w) for all w ∈ R. The support of a polynomial f = a u • · x u is supp(f ) := {u ∈ N n+1 : a u = ∞}.
We call a u the coefficient in f of the monomial x u .
Valuated matroids
Valuated matroids are a generalization of the notion of matroids, introduced by Dress and Wenzel in [DW92] . We recall some of the necessary background on valuated matroids and tropical linear spaces; for basics of standard matroids, see, for example, [Oxl92] . Let E be a finite set, and let r ∈ N. Denote by E r the collection of subsets of E of size r. A valuated matroid on the ground set E with values in the semifield R is a pair M = (E, p) where p : 
In the case that R = R, the valuated basis exchange axiom is equivalent to the tropical Plücker relations; see, for instance, [MS15, §4.4] . If M = (E, p) is a valuated matroid, its support {B ∈ E r : p(B) = ∞} is the collection of bases of a rank r matroid on the ground set E, called the underlying matroid M of M. The function p is called the basis valuation function of M. We consider the basis valuation functions p and λ • · p with λ ∈ R * to be the same valuated matroid.
As for ordinary matroids, valuated matroids have several different "cryptomorphic" definitions, some of which we now recall. For more information, see [MT01] .
Let M be a valuated matroid on the ground set E with basis valuation function p : E r → R. Given a basis B of M and an element e ∈ E \ B, the (valuated) fundamental circuit H(B, e) of M is the element of the R-semimodule R E whose coordinates are given by H(B, e) e := p(B ∪ e − e )/p(B)
for any e ∈ E,
where / denotes division in the semifield R (subtraction in the case of R), p(B ) = ∞ if |B | > r, and ∞/λ = ∞ for any λ ∈ R * . A (valuated) circuit of M is any vector in R E of the form λ • · H(B, e), where B is a basis of M, e ∈ E \ B, and λ ∈ R * . We denote by C(M) the collection of all circuits of M. For any H ∈ R E , its support is defined as supp(H) := {e ∈ E : H e = ∞}.
The set of supports of the circuits of M is equal to the set of circuits of the underlying matroid M. Furthermore, if two circuits G and H of M have the same support then there exists λ ∈ R * such that
Collections of circuits of valuated matroids can be intrinsically characterized by axioms that generalize the classical circuit axioms for matroids; see [MT01, Theorem 3.1]. The most important one is the following elimination property.
-Circuit elimination axiom: For any G, H ∈ C(M) and any e, e ∈ E such that G e = H e = ∞ and G e < H e , there exists F ∈ C(M) satisfying F e = ∞, F e = G e , and F G ⊕ H.
Here F F if F e F e for all e, and (G ⊕ H) e = G e ⊕ H e . We also use the vector formulation for valuated matroids, which generalizes the notion of cycles for matroids. A cycle of a matroid is a union of circuits. A vector of a valuated matroid is an element of the subsemimodule of R E generated by the valuated circuits. More explicitly, the set of vectors of M is
Vectors of a valuated matroid can also be characterized by axioms; see [MT01, Theorem 3.4] . In fact, a subset V ⊆ R E is the set of vectors of a valuated matroid if and only if it is a subsemimodule of R E satisfying the following property.
-Vector elimination axiom: For any G, H ∈ V and any e ∈ E such that G e = H e = ∞, there exists F ∈ V satisfying F e = ∞, F G ⊕ H, and F e = G e ⊕ H e for all e ∈ E such that G e = H e .
In the case that R = B, valuated matroids are simply matroids, as there is no additional information encoded in the valuation. In this case, valuated circuits and vectors are in one-toone correspondence with circuits and cycles, respectively, of the underlying matroid M.
In the case that R = R, the set of vectors of a valuated matroid is also called a tropical linear space in the tropical literature. In the terminology used in [MS15, §4.4], if p is the basis valuation function of a rank-r valuated matroid M then V(M) is the tropical linear space L p ⊥ , where p ⊥ is the dual tropical Plücker vector given by p ⊥ (B) := p(E \ B).
Tropical ideals
We now introduce the main object of study of this paper. Let Mon d be the set of monomials of degree d in the variables x 0 , . . . , x n . We will identify elements of R Mon d with homogeneous polynomials of degree d in R[x 0 , . . . , x n ]. In this way, if M is a valuated matroid on the ground set Mon d , circuits and vectors of M can be thought of as homogeneous polynomials in R[x 0 , . . . , x n ] of degree d. 
This definition is consistent with Definition 1.1 in the introduction, in view of the characterization of vectors of a valuated matroid in terms of the vector elimination axiom.
Not all homogeneous ideals in R[x 0 , . . . , x n ] are tropical ideals. As an example, consider the ideal I in R[x, y] generated by x ⊕ y. The degree-two part of this ideal is the R-semimodule generated by x 2 ⊕ xy, and xy ⊕ y 2 . This is not the set of vectors of a valuated matroid on Mon 2 = {x 2 , xy, y 2 }, as the polynomial x 2 ⊕ y 2 would be required to be in I by the vector elimination axiom applied to the two generators.
Homogeneous tropical ideals in the sense of Definition 2.1 will define subschemes of tropical projective space. We elaborate on this definition with some examples.
Example 2.2. (Realizable tropical ideals.) Let K be a field equipped with a valuation val : K → R. Any polynomial g ∈ K[x 0 , . . . , x n ] gives rise to a "tropical" polynomial trop(g) ∈ R[x 0 , . . . , x n ] by interpreting all operations tropically and replacing coefficients by their valuations:
If f is a polynomial of minimal support in trop(J), there exists g ∈ J and λ ∈ R * such that
Since there is no cancellation in R, we have supp(x u i g i ) ⊆ supp(f ) for all i, and thus supp(x u i g i ) = supp(f ) for all i. As all the x u i g i are of minimal support in J, this implies that all of them are scalar multiples of each other, and thus f = λ • · trop(g) for some g ∈ J.
It follows that if , a 1 , . . . , a n ) ∈ trop(P n ) = (R n+1 \{(∞, . . . , ∞)})/R(1, . . . , 1). Let I a be the ideal generated by all homogeneous polynomials f ∈ R[x 0 , . . . , x n ] for which a ∈ V (f ), so f (a) = ∞ or the minimum in f (a) is achieved at least twice. We claim that I a is a tropical ideal. In addition, if K is a valued field with a i in the image of the valuation for each 0 i n, then I a is the tropicalization of any ideal J α of a point α ∈ P n K with val(α i ) = a i . To prove the first claim, we first note that I a is generated as an R-semimodule by the set P of polynomials of the form (a · v) • · x u ⊕ (a · u) • · x v with deg(x u ) = deg(x v ) and u = v, where by convention we take ∞ times 0 equal to 0 when some of the a i are equal to ∞. Indeed, all these binomials (and monomials, in the case some of the a i equal ∞) are contained in I a . Suppose that f = c u • · x u ∈ I a is outside the ideal generated by P. We may assume that f has been chosen to have as few terms as possible. We may also assume that f (a) < ∞, as otherwise all terms of f lie in the ideal generated by P. Fix c v • · x v to be a term of f such that c v + a · v > f (a) if one exists, or any term of f otherwise. Take v = v with c v + a · v = f (a), and set
In the case that the minimum in f (a) is not achieved at x v , the minimum in g(a) is still achieved at least twice. If the minimum in f (a) is achieved at all its terms, f must have at least three terms, as otherwise it would be a scalar multiple of one of the polynomials in P. The minimum in g(a) is thus still achieved twice. Furthermore, g has fewer terms than f , so by assumption g lies in the R-semimodule generated by P, and thus so does f . This proves that I a is generated by P. In addition, the degree-d polynomials of minimal support in P satisfy the valuated circuit elimination axiom, which implies that (I a ) d is the set of vectors of a valuated matroid [MT01, Theorem 3.4], and thus I a is a tropical ideal.
Suppose now that α ∈ P n K satisfies val(α) = a. The homogeneous ideal
. If the inclusion were proper, there would be h ∈ trop(J α ) with h / ∈ I a .
One can think of a homogeneous tropical ideal as the "tower" of valuated matroids that determine its various homogeneous parts, as described in the following definition. 
Compatibility of valuated matroids can be simply described in terms of their basis valuation functions. 
is attained at least twice. 
The sequence S is compatible if and only if for every d 0 and any variable x i there is a containment of tropical linear spaces
By [Haq12, Theorem 1], this is equivalent to the condition that for any V, V ⊆ Mon d+1 with
is attained at least twice, which reduces to the desired condition.
The next example shows that tropical ideals carry strictly more information than their varieties. up to degree 3, they are distinct. For instance, the degree 4 polynomial
is equal to trop((x + y)(x + z)(y + z)(x − y − z)) ∈ I , but f is not in I: a simple computation shows that no polynomial of the form (x + y + z)(xy + xz + yz)(ax + by + cz) can have support equal to the support of f . ♦
We finish this section with an example of a tropical ideal that is not realizable over any field K. To show that I is a non-realizable tropical ideal, note that the tropical polynomial f = x 0 ⊕ x 1 ⊕ x 2 is a circuit of M 1 , so in particular f ∈ I. If I is realizable then I = trop(J) for some ideal J ⊆ K[x 0 , . . . , x n ], and so, since f is a circuit, there exists some g ∈ J such that f = trop(g). After a suitable scaling of the variables, we may assume that g = x 0 + x 1 + x 2 . The polynomial
is then a polynomial in J, and thus trop(h) lies in I. However, this contradicts the fact that supp(trop(h)) ⊆ {x 3 0 , x 3 1 , x 3 2 , x 0 x 1 x 2 } is an independent set in the underlying matroid M 3 . ♦
Gröbner theory for tropical ideals
In this section we develop a Gröbner theory for homogeneous tropical ideals in R[x 0 , . . . , x n ] and B[x 0 , . . . , x n ], and use it to prove some basic properties of tropical ideals with coefficients in a more general semiring R. These include the eventual polynomiality of their Hilbert functions, and the fact that tropical ideals satisfy the ascending chain condition. We start by defining initial ideals of homogeneous ideals in R[x 0 , . . . , x n ] with respect to a weight vector w ∈ R n+1 .
In computing the dot product w · u we follow the convention that ∞ times a is ∞ for a = 0, and ∞ times 0 is 0, so
If I is a homogeneous ideal in B[x 0 , . . . , x n ] then we define its initial ideal in w (I) as the initial ideal of IR[x 0 , . . . , x n ], using the inclusion of B into R.
Also, since I is a homogeneous ideal, in w (I) = in w+λ1 (I) for 1 = (1, 1, . . . , 1), so we may regard w as an element of trop(P n ).
Remark 3.2. Our definition of initial ideals is compatible with the usual definition of initial ideals used in tropical geometry, in the sense that for any homogeneous ideal
we have in w (trop(J)) = trop(in w (J)). The initial ideal in w (J) is an ideal in the polynomial ring with coefficients in the residue field of K, which has a trivial valuation, so trop(in w (J)) is naturally an ideal in B[x 0 , . . . , x n ].
An important result in this section is that initial ideals of tropical ideals are also tropical ideals. This will follow from the following key fact about valuated matroids.
We first extend the notion of initial term to vectors of any valuated matroid over R. If E is any finite set, H ∈ R E , and w ∈ R E with w = (∞, . . . , ∞), the initial term of H with respect to w is the subset of E in w H := {e ∈ E : H e + w e is minimal among all e ∈ E} if min(H e + w e ) < ∞, and in w H := ∅ otherwise.
Lemma 3.3. Let M = (E, p) be a rank-r valuated matroid, where p : E r → R is its basis valuation function, and let w = (w e ) e∈E ∈ R E . Then
is the collection of bases of an (ordinary) matroid in w M of rank r on the ground set E. Its circuits are the elements of in w C(M) := {in w H : H ∈ C(M)} that are minimal with respect to inclusion, and its set of cycles is
To prove that in w B(M) satisfies the basis exchange axiom, fix A, B ∈ E r and choose a ∈ A \ B. Since p satisfies the valuated basis exchange axiom (2) there exists b ∈ B \ A such that
Subtracting e∈A w e + e∈B w e on both sides we get
This implies that p w also satisfies the valuated basis exchange axiom. Moreover, if A, B ∈ in w B(M) then both A ∪ b − a and B ∪ a − b are in in w B(M) as well.
We now prove that the circuits of in w M have the desired description. The w-initial term of any fundamental circuit H(B, e) of M (as in (3)) is the set of e ∈ E for which p(B ∪ e − e ) − p(B) + w e is minimal. Adding p(B) − a∈B∪e w a , we get in w H(B, e) = {e ∈ E : p w (B ∪ e − e ) is minimal among all e ∈ E}.
Any circuit C of the initial matroid in w M is the fundamental circuit of an element e ∈ E over a basis B ∈ in w B(M), and thus has the form
This shows that all circuits of in w M appear in the collection in w C(M). To prove our claim, it then suffices to show that each set in in w C(M) is a dependent set of in w M. Assume by contradiction that in w H ⊆ B for some H ∈ C(M) and some basis B ∈ in w B(M). Fix e ∈ in w H, and a basis B of the underlying matroid M such that H = λ • · H(B , e) for some λ ∈ R. Since e ∈ B \ B , the valuated basis exchange axiom for p w implies that there exists e ∈ B \ B such that
As in w H(B , e) ⊆ B and e ∈ B, by (4) we have p w (B ) < p w (B ∪ e − e ). Moreover, since B ∈ in w B(M), we also have p w (B) p w (B ∪ e − e). But then, adding these two inequalities gives a contradiction to (5). We now prove that the set of cycles of in w M is equal to in w V(M). Any H ∈ V(M) has the form H = H 1 ⊕ · · · ⊕ H k for circuits H 1 , . . . , H k of M. Its initial form in w H is the union of those initial forms in w H i for which min e∈E (H i e + w e ) = min e∈E (H e + w e ). It follows that the collection in w V(M) is closed under unions. Moreover, our previous claim implies that in w V(M) contains all circuits of in w M. To complete the proof, it is thus enough to show that for any circuit G of M, the set in w G is a cycle of in w M.
We proceed by contradiction. Assume G is a circuit of M such that in w G is not a cycle, and take G such that in w G is inclusion-minimal with this property. Since in w G is dependent in in w M, it contains a circuit C of in w M, which must have the form C = in w H for some circuit H of M. After tropically rescaling, we may assume that min e∈E (G e + w e ) = min e∈E (H e + w e ). Let e ∈ in w H ⊆ in w G. We have G e + w e = H e + w e , and so G e = H e . Let e ∈ in w G be such that e is in no circuit of in w M contained in in w G; in particular, e / ∈ in w H. It follows that G e + w e < H e + w e , and so G e < H e . We can then apply the circuit elimination axiom to get a circuit F of M such that F e = ∞, F e = G e , and F G ⊕ H. This implies that e ∈ in w F , in w F ⊆ in w G, and e / ∈ in w F . We thus have that in w F is a proper subset of in w G, and our minimality assumption implies that in w F is a cycle. This contradicts our choice of e , as e ∈ in w F .
In order to use Lemma 3.3 to describe the relationship between the valuated matroids of an ideal and those of its initial ideals, we need the notion of contraction of a valuated matroid.
Let M be a valuated matroid on the ground set E, and let A be a subset of E of rank s. 
= H e for any e ∈ E \ A; see, for example, [Bak16, Theorem 4.17 (2)].
If I is a homogeneous tropical ideal in B[x 0 , . . . , x n ], we write M d (I) := M d (I) to emphasize the fact that no extra information is encoded in the valuated matroid M d (I) besides its underlying matroid. Also, if M is a matroid on the ground set E, and F is a finite set, the coloop extension M ⊕ F is the matroid on the ground set E F obtained by attaching to M all the elements of F as coloops, i.e., B(M ⊕ F ) = {B F : B ∈ B(M )}. We now apply these results to study Hilbert functions of homogeneous tropical ideals in R[x 0 , . . . , x n ], where R is again a general valuative semifield, and to prove that they satisfy the ascending chain condition. 
A key fact about standard Gröbner theory is that the Hilbert function of an ideal is preserved when passing to an initial ideal. We next observe that this also holds in the tropical setting. Note that w is not allowed to have infinite coordinates for this result. The following result will be useful in our study of tropical ideals and their Hilbert functions.
Lemma 3.7. If I is a homogeneous tropical ideal in R[x 0 , . . . , x n ] or B[x 0 , . . . , x n ] then there exists w ∈ R n+1 such that in w (I) is generated by monomials. In fact, the set of w for which in w (I) is not generated by monomials is contained in a countable union of hyperplanes in R n+1 .
Proof. Lemma 3.3 implies that in w (I) is generated by the polynomials in w (f ) with f a circuit of one of the matroids M d (I). It thus suffices to show that there is a w ∈ R n+1 such that for any d 0 and any circuit f of M d (I), the initial term in w (f ) is a monomial. For any such f , the set of w ∈ R n+1 for which in w (f ) is not a monomial is a finite union of codimension-one polyhedra in R n+1 . Moreover, for any d 0 the set of circuits of M d (I) is finite (up to scaling). It follows that the set of w ∈ R n+1 for which there is some circuit f such that in w (f ) is not a monomial is a countable union of codimension-one polyhedra in R n+1 .
In Section 5 we will see that, in fact, the set of w ∈ R n+1 for which in w (I) is not generated by monomials is a finite union of polyhedra of codimension at least 1.
The following result shows that Hilbert functions of tropical ideals are eventually polynomial.
Proposition 3.8. If I is a homogeneous tropical ideal in R[x 0 , . . . , x n ] then its Hilbert function H I is eventually polynomial.
Proof. Let ϕ : R → B be the function defined by ϕ(a) = 0 if a = ∞, and ϕ(∞) = ∞. Note that ϕ is a surjective semiring homomorphism, as the assumption on
This induces a map of polynomial semirings ϕ :
The homogeneous tropical ideals I and ϕ(I) therefore have the same Hilbert function, and thus it is enough to prove that Hilbert functions of homogeneous tropical ideals in B[x 0 , . . . , x n ] are eventually polynomial. In this case, we can use Lemma 3.7 and Corollary 3.6 to reduce to the case where I is a tropical ideal in B[x 0 , . . . , x n ] generated by monomials. In this situation, the Hilbert function H I (d) equals the number of monomials of degree d not in I, which in turn equals the Hilbert function of the ideal J ⊆ K[x 0 , . . . , x n ] generated by the monomials in I, where K is an arbitrary field. The result then follows from the standard fact that the Hilbert function of a homogeneous ideal in a polynomial ring with coefficients in a field is eventually polynomial.
Definition 3.9. (Hilbert polynomials.) Let I be a homogeneous tropical ideal. The Hilbert polynomial of I is the polynomial P I that agrees with the Hilbert function H I for d 0. The dimension of I is the degree of P I .
The following example shows that tropical ideals are typically not finitely generated. However, we prove in Theorem 3.11 that they do have some Noetherian properties, in the sense that they satisfy the ascending chain condition. . We claim that the homogeneous tropical ideal I is not finitely generated. Note that
Suppose that f 1 , . . . , f r is a finite homogeneous generating set for I. Then for all d 1 we can write . By Lemma 3.7, we can choose w ∈ R n+1 such that in w (ϕ(I j )) is generated by monomials for each j. The chain in w (ϕ(I 1 )) ⊆ in w (ϕ(I 2 )) ⊆ in w (ϕ(I 3 )) ⊆ . . . is then an infinite chain of monomial ideals, which can then be regarded as ideals in K[x 0 , . . . , x n ] where K is any field. As K[x 0 , . . . , x n ] is Noetherian, this chain must stabilize. Since in w (ϕ(I j )) and I j have the same Hilbert functions, it follows that for large enough j the Hilbert functions of the I j are all equal. Our previous claim then shows that for large enough j, the ideals I j are all the same, and so the chain stabilizes. + 1) -subsets of the columns of A for which the associated maximal minor is nonzero. The collection of maximal minors of A is a finite set of polynomials in λ, and so for any λ that is not a root of any of these polynomials (except for the minors that are identically zero) the matroid M d (I λ ) is the same, proving our claim. We will call this matroid the generic matroid M d .
We now show that that for any positive integer n, the matroid M n (I n ) is not the generic matroid M n . Consider the n + 1 monomials x n , yz n−1 , z n−2 w 2 , z n−3 w 3 , . . . , w n in Mon d . These can be expressed in terms of standard monomials as x n = (z+w) n , yz n−1 = z n +λz n−1 w, z n−2 w 2 , z n−3 w 3 , . . . , w n . But then a simple linear algebra computation shows that these elements are dependent only when λ = n, as desired.
We define our family of tropical ideals (I m
Subschemes of tropical toric varieties
We now extend the definition of tropical ideals to cover subschemes of tropical toric varieties other than tropical projective space.
Tropical toric varieties are defined analogously to classical toric varieties. Given a rational polyhedral fan Σ, we associate an affine tropical toric variety to each cone, and glue these together. Explicitly, fix a lattice N ∼ = Z n with dual lattice M := Hom(N, Z) ∼ = Z n . Given a rational polyhedral fan Σ in N R := N ⊗ R ∼ = R n , to each σ ∈ Σ we associate the vector space N (σ) := N R / span(σ). The tropical toric variety associated to Σ is trop(X Σ ) := σ∈Σ N (σ).
To each σ ∈ Σ we also associate the space U In what follows we will only consider rational polyhedral fans, so will refer to them simply as fans. Write N as the direct sum N ⊕ N , where the rays of Σ span N R . Fix an m × n matrix Q whose ith row is the first lattice point v i on the ith ray of Σ for 1 i s, and whose last t rows form a basis for N . We grade Cox(trop(X Σ )) by the "combinatorial Chow group" A n−1 (Σ) := coker(M ∼ = Z n ϕ → Z m ), where the map ϕ is given by ϕ(u) = Qu. This gives the last t variables of Cox(trop(X Σ )) degree 0 ∈ A n−1 (Σ).
We will identify the rays of Σ with the elements of {1, . . . , s}, and thus general cones of Σ with subsets of {1, . . . , s}. For a cone σ ∈ Σ write
The localization of the semiring R[x 1 , . . . , x m ] at a monomial is defined analogously to the ring case. The degree-zero part of the localization of the Cox semiring at xσ is isomorphic to the semigroup semiring
Note that the last t variables are always inverted in these localizations.
Classical toric varieties can alternatively be described by the quotient construction X Σ = (A m \ V (B Σ ))/H Σ , where B Σ denotes the irrelevant ideal xσ : σ ∈ Σ ⊆ K[x 1 , . . . , x m ], and H Σ = Hom(A n−1 (X Σ ), K * ). This construction also tropicalizes [MS15, Proposition 6.2.6]:
where trop(B Σ ) denotes the monomial ideal in R[x 1 , . . . , x m ] given by
The equality in (7) identifies U The fan Σ defining P n has rays spanned by e 1 , . . . , e n and e 0 = − n i=1 e i in N R ∼ = R n , and cones spanned by any j of these rays for j n. The Cox semiring in this case is R[x 0 , . . . , x n ] with the standard grading deg(x i ) = 1 for all i. The tropicalization trop(P n ) equals (R n+1 \ {(∞, . . . , ∞)})/R1, where 1 = (1, . . . , 1). Figure 2 shows the fan Σ and its corresponding tropical toric variety trop(P 2 ) = σ∈Σ N (σ) in the case where n = 2. The fan Σ consisting of just the origin in N R ∼ = R n gives rise to the tropical torus R n . Its Cox semiring is R[x 1 , . . . , x n ] with the trivial grading deg(x i ) = 0 for all i. The localization at the unique cone σ = {0} is R[x 1 , . . . ,
. ♦ Subschemes of a classical toric variety can be described by ideals in its Cox ring. We now extend this to the tropical realm. Proof. Write S = Cox(trop(X Σ )), and suppose that I ⊆ S is a homogeneous tropical ideal. Fix σ ∈ Σ, and let E be a collection of monomials in (S xσ ) 0 . All monomials in E have the form x u /(xσ) l for some u ∈ N s and l 0. Choosing a common denominator, we may assume that the exponent l is the same for all monomials in E. This means that for all f ∈ (IS xσ ) 0 with support in E we have g := (xσ) l f ∈ IS xσ ∩ S = (I : (xσ) ∞ ). Note that g is homogeneous of degree l deg(xσ). Moreover, given any homogeneous polynomial g of degree l deg(xσ) in (I : (xσ) ∞ ), there is some l 0 for which (xσ) l g ∈ I, so g/(xσ) l ∈ (IS xσ ) 0 . This gives a bijection between polynomials in (IS xσ ) 0 with support in E and homogeneous polynomials in (I : (xσ) ∞ ) of degree l deg(xσ) with support in (xσ) l E.
Since the restriction of the set of vectors of a valuated matroid to a subset of its ground set is also a valuated matroid, it thus suffices to show that the set of polynomials in (I : (xσ) ∞ ) of degree l deg(xσ) is the set of vectors of a valuated matroid. This follows from the fact that if I is a homogeneous tropical ideal then J := (I : (x u ) ∞ ) is as well for any monomial x u . Indeed, suppose that f, g ∈ J b . Then there is l 0 for which x lu f, x lu g ∈ I, and thus the vector elimination axiom for J b follows from the vector elimination axiom for I b+l deg(x u ) .
Example 4.5. Let Σ be the fan in N R consisting of just one cone σ = {0}, so the corresponding tropical toric variety is the tropical torus R n . An ideal I ⊆ Cox(trop(X Σ )) is a locally tropical ideal if for every finite set E of monomials in (Cox( 
n ], the set of polynomials in the image of I with support in E is the set of vectors of a valuated matroid on E.
If Σ is the positive orthant in N R , so the corresponding tropical toric variety is R n , the condition for an ideal I ⊆ Cox(X Σ ) ∼ = R[x 1 , . . . , x n ] to be a tropical ideal (and a locally tropical 
Since these localizations are all equal to their respective coordinate semirings, they are trivially tropical ideals. However, I 2 is the R-semimodule spanned by x 2 ⊕ xy and xy ⊕ y 2 , which is not the set of vectors of a valuated matroid, as the polynomial x 2 ⊕ y 2 is not in I 2 . ♦ Remark 4.8. The notion of being a (locally) tropical ideal is invariant under automorphisms of the coordinate semirings, as the lack of cancellation forces any automorphism to send monomials into monomials. In the case that the toric variety is the torus, for example, the coordinate semiring R[x ±1 1 , . . . , x ±1 n ] has a natural action of GL(n, Z) by monomial change of coordinates: for any matrix A ∈ GL(n, Z) we have
n ] then A · I is as well, as the GL(n, Z) action permutes finite sets of monomials.
Remark 4.9. The ascending chain condition (Theorem 3.11) holds for homogeneous tropical ideals in the positively-graded case, with the same proof, but does not hold verbatim for locally tropical ideals. For example, let I n := x 2 , y 2 , x ⊕ i • · y : 0 i n ⊆ R[x, y] = Cox(trop(P 1 )). Then {I n } n 0 is an infinite ascending chain of locally tropical ideals. However, in this case, for all cones σ in the fan of P 1 the ideals (IR[x, y] xσ ) 0 are the unit ideal 0 . All the I n thus correspond geometrically to the same (empty) subscheme of trop(P 1 ).
For a general tropical toric variety, one can define an equivalence relation on the set of locally tropical ideals in S := Cox(trop(X Σ )) by setting I ∼ J if (IS xσ ) 0 = (JS xσ ) 0 for all σ ∈ Σ. The proof of Theorem 3.11 then shows that there is no infinite ascending chain of non-equivalent locally tropical ideals.
When working with semirings, congruences perform some of the functions of ideals in rings. A congruence on a semiring S is an equivalence relation ∼ on S that is compatible with addition and multiplication: f ∼ g and f ∼ g imply that
In [GG16] , Jeffrey and Noah Giansiracusa defined a congruence associated to an ideal in the tropical setting, as we now recall. 
The coordinate semiring associated to I is S/B(I).
This construction is motivated by the fact that for any ideal I ⊆ R[x 1 , . . . , x n ], there is a canonical isomorphism Hom(S/B(I), R) ∼ = V (I) ⊆ R n .
In [GG16] , the tropicalization of the subscheme of A n defined by an ideal J ⊆ K[x 1 , . . . , x n ] is defined to be Spec(R[x 1 , . . . , x n ]/B(trop(J))). Here Spec is used in sense of F 1 -geometry, so it denotes a topological space with a sheaf of semirings. The underlying space of Spec(R) for a semiring R is the set of prime ideals of R, where an ideal I is prime if f • · g ∈ I implies that f ∈ I or g ∈ I. Similarly, the tropicalization of the subscheme of P n defined by a homogeneous ideal J ⊆ K[x 0 , . . . , x n ] is Proj(R[x 0 , . . . , x n ]/B(trop(J))), where the underlying set of Proj is the set of homogeneous prime ideals not containing x 0 , . . . , x n . This is explained in [Lor17, §9] , where these are presented as a special case of Lorscheid's blueprints. See also [Lor12] , [Lor15] , [Dur07] , and [TV09] for related work. The results in [GG16] are set in this context, so they describe the tropicalization of any subscheme of a classical toric variety. We now generalize this construction to include more general subschemes of tropical toric varieties that are not necessarily tropicalizations. Definition 4.11 makes sense without the restriction that I be a locally tropical ideal; the reason for requiring this condition is that, as shown in Example 5.14, without it the variety of the subscheme might not be a finite polyhedral complex.
Remark 4.12. (Tropical spectra.) In Definition 4.11, instead of using the whole collection Spec(R) of prime ideals of a semiring R, it might be more useful to just take the set of tropical prime ideals as the underlying topological space, which could be called the tropical spectrum TSpec(R) of R. For instance, consider R to be the quotient of R[x] by the congruence that identifies two polynomials if they correspond to the same function R → R, such as x 2 ⊕ 1 and x 2 ⊕ 7 • · x ⊕ 1. 
Fix a prime tropical ideal P ⊆ R[x], and let
The multiplicity m i of a i is the maximum of j 2 − j 1 where both j 1 , j 2 achieve the minimum in min We claim that g • · f = g 2 , and so g 2 ∈ P . To show this we need to prove that for all 0 k 2d we have min i+j=k (b i + c j ) = min i+j=k (c i + c j ). The inequality follows from the fact that b i c i for all i. Suppose now that there is a pair (i, j) with c i + c j = min i +j =i+j (c i + c j ) < min i +j =i+j (b i + c j ). This implies that c i < b i and c j < b j , so 0 < i, j < d and there must be l, l with c i−1 − a l = c i = c i+1 + a l and c j−1 − a l = c j = c j+1 + a l . Without loss of generality we may assume that a l a l . We have c i + c j = c i−1 − a l + c j+1 + a l , so c i−1 + c j+1 c i + c j . We may thus replace (i, j) by (i − 1, j + 1) and repeat. After a finite number of iterations we will have a pair (i, j) with c i + c j achieving the minimum min i +j =i+j (c i + c j ) and at least one of c i = b i or c j = b j , which is a contradiction. This proves that g 2 = g • · f .
Since P is prime, the fact that g 2 ∈ P implies that x ⊕ a ∈ P for some a = a i . Multiplying by powers of x we see that P must contain all polynomials of the form x j ⊕ a • · x j−1 . Furthermore, the vector elimination axiom forces P to contain all polynomials of the form a m • · x l ⊕ a l • · x m . Since these polynomials generate the ideal J a , we see that J a ⊆ P . If P were strictly larger than J a , it would contain a polynomial f with a ∈ V (f ). The argument above then shows that x ⊕ b ∈ P for some b ∈ V (f ). But then the vector elimination axiom applied to x ⊕ a and x ⊕ b forces P to contain the constant min(a, b), which implies that P is the unit ideal. ♦ We conclude this section by extending the notion of variety to ideals in a Cox semiring Cox(trop(X Σ )). For a fan Σ ⊆ N R ∼ = R n and σ ∈ Σ, the coordinate ring of the corresponding stratum N (σ) is
The variety of an ideal
V (I) := {w ∈ R l : the min in f (w) is achieved at least twice for all f ∈ I \ {∞}}. Definition 4.14. (Varieties of ideals in Cox semirings.) Fix a fan Σ ⊆ N R ∼ = R n , and let I be a homogeneous ideal in S := Cox(trop(X Σ )). We define
and
When Σ is the positive orthant in R n , the tropical toric variety trop(X Σ ) is trop(A n ) ∼ = R n , and the Cox semiring S equals R[x 1 , . . . , x n ] with the trivial grading deg(x i ) = 0 for all i. In the next lemma we check that the new notion of variety agrees with that in (1), and also that the easy equivalences of the Fundamental Theorem [MS15, Theorem 3.2.3] hold in this new setting.
Proposition 4.15. Let Σ be the positive orthant in N R , and let I be an ideal in R[x 1 , . . . ,
is achieved at least twice}.
Moreover, we have w ∈ V (I) if and only if in w (I) does not contain a monomial. Similarly, if I is an ideal in R[x ±1 1 , . . . , x ±1 n ] and w ∈ R n , then w ∈ V (I) if and only if in w (I) = 0 .
every term in f is divisible by some variable x i with i ∈ σ and no term in f σ is. In particular,
. Since w ∈ V σ (I), the minimum in f σ (w) is achieved at least twice, and so the same is true for the minimum in f (w). This proves that V σ (I) ⊆ V (I).
Conversely, suppose that w ∈ R n has the property that the minimum in f (w) is achieved at least twice whenever f ∈ I with f (w) < ∞. Let σ := {i : w i = ∞}. For any f ∈ I with f (w) < ∞, write f = f σ + f as above. We have f (w) = f σ (w), and the minimum in f (w) is achieved at at least two terms in f σ . As the images of f and f σ agree in S xσ / x i ∼ ∞ : i ∈ σ , it follows that w ∈ V σ (I), and so w ∈ V Σ (I). This completes the proof that V (I) = V Σ (I).
To prove the last assertion, note that if I is an ideal in the semiring R[x 1 , . . . ,
, the initial ideal in w (I) contains a monomial if and only if there is f ∈ I with x u = in w (f ). This happens precisely when f (w) < ∞ and the minimum in f (w) is achieved only once, i.e., when w ∈ V (I).
Subvarieties of tropical toric varieties can also be described in terms of the quotient construction (7).
Lemma 4.16. Fix a fan Σ ⊆ N R , and let I be a homogeneous ideal in Cox(trop(X Σ )). The variety of I is
In particular, if Σ is the fan of P n and I is a homogeneous ideal in R[x 0 , . . . , x n ] with respect to the standard grading, then
Proof. Write s for the number of rays of Σ, t = n − dim(span(Σ)), and m = s + t. Recall that the quotient construction (7) identifies the stratum N (σ) with R 
if and only if some power of xσ lies in the ideal in w (I)B[x 1 , . . . , x m ]/ x i ∼ ∞ : i ∈ σ . Since w i = ∞ for i ∈ σ, this happens if and only if there is f ∈ I with in w (f ) equal to some power of xσ, which is in turn equivalent to w ∈ V (I).
Gröbner complex for tropical ideals
In this section we define and study the Gröbner complex of a homogeneous tropical ideal, and use it to show that the variety of any tropical ideal is always the support of a finite polyhedral complex. We also show that tropical ideals satisfy the weak Nullstellensatz.
We start by extending the definition of a polyhedral complex to R n . Recall that for σ ⊆ {1, . . . , n} we write
indexed by the set of all subsets σ ⊆ {1, . . . , n}, with the additional requirement that if τ ⊆ σ and P is a polyhedron in ∆ τ , then the closure of P in R n intersected with R n σ is contained in a polyhedron of ∆ σ . The support of any polyhedral complex is thus a closed subset of R n . A polyhedral complex ∆ is R-rational if for all σ ⊆ {1, . . . , n}, each polyhedron P ∈ ∆ σ has the form P = {x ∈ R n−|σ| : Ax b} with b ∈ R l and A ∈ Q l×(n−|σ|) for some l 0.
This definition differs slightly from the one given in [IKMZ16, §2.1], in that the closure of a polyhedron intersected with the boundary is not required to be a polyhedron in the complex, but just to be contained in one. A motivation for using this weaker condition is given in Example 5.3 below.
The following theorem guarantees the existence of the Gröbner complex for any homogeneous tropical ideal in R[x 0 , . . . , x n ]. The complex Σ(I) ∅ ⊆ R 3 has three cones, depending on whether w 2 − w 3 is positive, negative, or zero. The intersection of the closure of the cone {w ∈ R 3 : w 2 > w 3 } with R 3 {1} is {(∞, w 2 , w 3 ) : w 2 > w 3 }, even though Σ(I) {1} consists of just one polyhedron, as in w (f ) = ∞ for all f ∈ I and
We will make use of the following notation. The normal complex N (f ) of a polynomial f ∈ R[x 1 , . . . , x l ] is the R-rational polyhedral complex in R l whose polyhedra are the closures of the sets C[w] = {w ∈ R l : in w (f ) = in w (f )} for w ∈ R l . 
We claim that for w, w ∈ R 
We claim that this minimum is achieved at a single basis B 0 . Indeed, by Lemma 3.7, there is v ∈ C with in v (I) generated by monomials. Thus in v (I) d is spanned as an R-semimodule by monomials for all v ∈ C, and so the corresponding initial matroid has only one basis B 0 . Note that B 0 does not depend on the choice of v ∈ C. The matroid of the R-semimodule in w (I) d has as bases the subsets of the form B Mon To prove the claim, rewrite (9) as
As i tends to ∞ the coordinates of v i indexed by σ tend to ∞, and the others tend to finite values. The terms v i · u in (11) with u ∈ B ∩ Mon In this case, since J is a linear ideal, the degree D given in the proof of Theorem 5.6 is equal to 1. We have F ∅ = x 1 x 3 ⊕ x 1 x 4 ⊕ x 2 x 3 ⊕ x 2 x 4 , and F {1,2} = x 3 ⊕ x 4 . Note that the Gröbner complex of I in R 4 {1,2} is not equal to the normal complex of F ∅ | x 1 =x 2 =∞ = ∞; the polynomial F {1,2} is needed to get the comparison between w 3 and w 4 in this stratum.
♦
We now use the existence of Gröbner complexes to show that the variety of a tropical ideal is an R-rational polyhedral complex. We first prove that tropical ideals always admit finite tropical bases.
For a fan Σ ⊆ N R and a homogeneous f ∈ Cox(trop(X Σ )), we set
Definition 5.8. (Tropical bases.) Fix a fan Σ ⊆ N R , and let I ⊆ Cox(trop(X Σ )) be a homogeneous ideal. A set {f 1 , f 2 , . . . , f l } ⊆ I of homogeneous polynomials forms a tropical basis for I if
Theorem 5.9. Any locally tropical ideal I ⊆ Cox(trop(X Σ )) has a finite tropical basis.
Proof. We first show this in the case where Σ is the fan of P n , so the Cox semiring is S = R[x 0 , . . . , x n ], with the stronger assumption that I ⊆ S is a homogeneous tropical ideal in the sense of Definition 2.1. By Proposition 4.15, the variety V (I) ⊆ R n+1 is the union of those cells of Σ(I) corresponding to initial ideals not containing a monomial. Suppose that C is a cell of Σ(I) corresponding to an initial ideal in w (I) that contains a monomial x u of degree d. We will construct a homogeneous polynomial f ∈ I with V (f ) ∩ C = ∅. If C ⊆ R n+1 τ for some nonempty τ ⊆ {0, . . . , n}, we can replace I by I τ := g τ : g ∈ I as in the proof of Theorem 3.
By definition, the initial ideal in w (I) is the same for any w ∈ C. Fix a basis B of the initial matroid M d (in w (I)). By Lemma 3.3 and Theorem 3.4, B is a basis of M d (I) as well. Since x u is a loop in M d (in w (I)), we have x u ∈ B. Let f ∈ I be the fundamental circuit H(B, x u ), as in (3).
We claim that for any w ∈ C, the initial form in w (f ) is equal to x u . Suppose not. By Lemma 3.3 and Theorem 3.4, the support D of in w (f ) is a cycle in M d (in w (I)). Note that x u ∈ D, as otherwise D would be completely contained in the basis B, and B would contain a circuit of M d (in w (I)). Since x u is a loop in M d (in w (I)), the vector elimination axiom in M d (in w (I)) implies that the subset D \ {x u } must also be a cycle in M d (in w (I)). But then D \ {x u } is a nonempty cycle of M d (in w (I)) contained in the basis B, which is a contradiction.
We have thus shown that for any cell C ∈ Σ(I) not in the variety V (I) there is a homogeneous polynomial f ∈ I such that V (f ) ∩ C = ∅. A tropical basis for I can then be obtained by taking the collection of all these polynomials corresponding to the finitely many cells C ∈ Σ(I) that are not in V (I).
We now show that if
We first claim that the homogenizationĨ ⊆ R[x 0 , . . . , x n ] of I ∩ R[x 1 , . . . , x n ] is a homogeneous tropical ideal. Indeed, note that for any collection of monomials E in R[x 1 , . . . , x n ], the set of polynomials in I ∩ R[x 1 , . . . , x n ] with support in E is the same as the set of polynomials in I with support in E, so I ∩ R[x 1 , . . . , x n ] is a tropical ideal. Our claim follows since the homogenization of a tropical ideal is a homogeneous tropical ideal. Now, by the first part of the proof, there are homogeneous polynomials f 1 , . . . , f l ∈Ĩ with
Thus, under the identification of R n with {w ∈ R n+1 : w 0 = 0}, we have V (I) ⊆ R n equal to V (Ĩ)∩{w ∈ R n+1 : w 0 = 0}, and so
We finally consider the general case that I is a locally tropical ideal in a Cox semiring
p ], where p = n − dim(σ). By the previous paragraph we can find f 1 , . . . , f l ∈ J such that V (J) ⊆ N (σ) ∼ = R p is equal to the intersection of the hypersurfaces V (f 1 ), . . . , V (f l ). For each f i there is g i = f i + f i ∈ IS xσ with each monomial in f i divisible by some x i with i ∈ σ. There is e 0 such that h i := (xσ) e • · g i ∈ I. By construction we have V σ (h i ) = V (f i ), and thus taking the collection of all h i as σ varies over all cones of Σ we get a tropical basis for I.
We now prove the main result of this section. In order to state it, we extend the definition of a polyhedral complex to the case where the ambient space is any tropical toric variety. 
, with the additional requirement that if τ is a face of σ and P is a polyhedron in ∆ τ , then the closure of P in trop(X Σ ) intersected with N (σ) is contained in a polyhedron of ∆ σ . Note that, in particular, the support of any polyhedral complex is a closed subset of trop(X Σ ). The polyhedral complex ∆ is R-rational if for all σ ∈ Σ, any polyhedron P ∈ ∆ σ has the form P = {x ∈ R n−dim(σ) : Ax b} with b ∈ R l and A ∈ Q l×(n−dim(σ)) for some l 0. Proof. By Theorem 5.9 we can find f 1 , . . . , f l ∈ Cox(trop(X Σ )) = R[x 1 , . . . , x m ], homogeneous with respect to the grading on Cox 
Since the intersection of two finite R-rational polyhedral complexes is a finite R-rational polyhedral complex, it suffices to show that V Σ (f i ) is an R-rational polyhedral complex in trop(X Σ ) for each i.
We first prove that V (f ) ⊆ R m is a finite R-rational polyhedral complex for any polynomial
Note that it suffices to show this for the homogenizationf of f , as
wheref σ is obtained fromf by setting x i = ∞ for all i ∈ σ. The variety V (f ) is a closed union of cells inN (f ). The proof that V (f ) is actually a polyhedral complex proceeds as in the proof of Lemma 5.4, as this only requires I d to determine a valuated matroid on Mon d , which is the case in degree d = deg(f ) for the ideal generated byf . Finally, since each f i is homogeneous with respect to the grading on Cox(trop(X Σ )), all V (f i ) contain ker(Q T ) in their lineality spaces. As the quotient of an R-rational polyhedral complex by a rational subspace of its lineality space is again an R-rational polyhedral complex, the result follows from Lemma 4.16.
Remark 5.12. A corollary of Theorem 5.11 is that if X is a subvariety of the torus
n ] then trop(X) is the support of an R-rational polyhedral complex in R n . The proof given here is essentially a simpler version of the one given in [MS15, §2.5].
Remark 5.13. It would be desirable to have an analogue of the full Structure Theorem [MS15, Theorem 3.3.5] for general tropical ideals. The Structure Theorem states that if a variety X is irreducible then the polyhedral complex with support trop(X) is pure of dimension dim(X), and carries natural multiplicities that make it balanced. A version for tropical ideals will require generalizing the notion of irreducibility to this context.
The following example shows that the condition that the ideal I is a locally tropical ideal is crucial for theorems 5.9 and 5.11. n ]. Moreover, note that any R-rational half-hyperplane is equal to such an intersection: If H ⊆ R n is the half-hyperplane given by a · x = c and b · x d with a, b ∈ Z n and c, d ∈ R, then
Since an infinite intersection of half-hyperplanes can result in a non-polyhedral set, the variety of an arbitrary ideal in R[x . This is the tropical linear space (or Bergman fan) of the uniform matroid U 2,n+1 , which has a tropical basis consisting of all polynomials x i ⊕ x j ⊕ x k for 0 i < j < k n. Indeed, any tropical polynomial of the form x i ⊕ x j ⊕ x k is a circuit of M 1 (I) and thus a polynomial in I, showing that V (I) ⊆ L. For the reverse inclusion, fix w ∈ L, so min(w 0 , w 1 , . . . , w n ) is attained at least n times. We may assume that w 0 w 1 = · · · = w n . The tropical ideal I is generated by the circuits of the valuated matroids M d (I), so it suffices to prove that if d 0 and H is a circuit of M d (I) then the minimum in H(w) is achieved at least twice. Suppose that this minimum is achieved only once. After tropically scaling, the circuit H has the form H = u∈C x u with C an inclusion-minimal subset satisfying |C| > d − deg(gcd(C)) + 1. Our assumption implies that there exist x u 0 ∈ C and k 0 such that the only monomial in C not divisible by n ] with V (I) ⊆ R n empty. Let J := I ∩ R[x 1 , . . . , x n ], which is again a tropical ideal. The variety V (J) ∩ R n is also empty. Indeed, for any w ∈ R n there exists f ∈ I with the minimum in f (w) achieved only once, and then x u f ∈ J for some monomial x u , with the minimum in x u f (w) again achieved only once. By Theorem 5.9, there exists a tropical basis {f 1 , f 2 , . . . , f l } ⊆ J for J. For the general case, suppose now that Σ is a simplicial fan, and the ideal I is a locally tropical ideal in S := Cox(trop(X Σ )) with V Σ (I) empty. For each cone σ ∈ Σ we then have V σ (I) = ∅, and so by the first part of the proof, the ideal (IS xσ / x i ∼ ∞ : i ∈ σ ) 0 = 0 . For all σ ∈ Σ there is thus a polynomial of the form 0 ⊕ f σ ∈ (IS xσ ) 0 , where every term of f σ is divisible by a variable x i with i ∈ σ.
We prove by induction on dim(σ) that I contains a power of xσ. When σ is the origin the polynomial f σ equals ∞, so 0 ∈ IS xσ , and thus some power of xσ lies in I. Suppose now that dim(σ) > 0 and the claim is true for all τ of smaller dimension. By induction, for all faces τ of σ, some power of xτ lies in I. Let l be the maximum such power over all τ σ. It suffices to show that f σ can be chosen so that every monomial in its support is divisible by x l i for some i ∈ σ. Indeed, since (xτ ) l ∈ I for all faces τ of σ, as σ is a simplicial cone we have x l i ∈ IS xσ for all i ∈ σ, and so every term of f σ is in (IS xσ ) 0 . As 0 ⊕ f σ ∈ (IS xσ ) 0 , we can repeatedly apply the vector elimination axiom in (IS xσ ) 0 to conclude that 0 ∈ (IS xσ ) 0 , and thus some power of xσ lies in I.
To finish the proof we now show that we may choose f σ so that every monomial in its support is divisible by x l i for some i ∈ σ. Suppose that this is not possible. For any monomial x u in S xσ , let its σ-degree deg σ (x u ) be its degree in just the variables x i with i ∈ σ, i.e., deg σ (x u ) := i∈σ u i . Fix a choice of f σ , which must then have a term not divisible by any x l i with i ∈ σ. We may assume that f σ has been chosen so that the minimum σ-degree l among all its terms is as large as possible, and furthermore, that f σ has as few terms as possible of σ-degree equal to l . Fix a term a u • · x u of f σ of σ-degree l . As every term of f σ is divisible by a variable x i with i ∈ σ, all the terms of a u • · x u • · (0 ⊕ f σ ) except for a u • · x u have σ-degree at least l + 1. The vector elimination axiom in (IS xσ ) 0 applied to the polynomials 0 ⊕ f σ and a u • · x u • · (0 ⊕ f σ ) then produces a polynomial of the form 0 ⊕ f σ where every term of f σ has σ-degree at least l , and f σ has fewer terms than f σ of σ-degree equal to l . This contradicts our choice of f σ , concluding the proof. 
